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The action of a finite group G on a simply-connected 4-manifold X yields a ZG-lattice H,(X). 
In this paper we study the relations between the geometry of the G-action on X and the homo- 
logical and representation theoretic properties of H,(X). 
Introduction 
Let G be a finite group, X a topological G-space (possibly with additional geo- 
metric structure) and R = Z, or an algebraically closed field of characteristic dividing 
the order of G, and g a compatible coefficient system (e.g. a G-sheaf over X) of 
R-modules. Then the induced G-action on H,(X; @) gives them an RG-module 
structure. A general question arises as to how the G-module structure of H*(X; g”) 
or H,(X; g”> are related to the topology of X (and the additional geometric struc- 
ture). This is a general formulation of problems which are widely studied in several 
areas of mathematics, including topology, algebraic and arithmetic geometry, 
number theory, and representation theory. We are interested in the topological and 
homological-algebraic aspects of this problem in the special circumstances arising 
from the consideration of symmetries of manifolds. In our previous papers [l-8], 
we have studied certain aspects of such problems from the point of view of group 
cohomology and algebro-geometric invariants of the equivariant cohomology of X. 
In this paper and its sequal [lo] we specialize to study the G-module structure of 
H,(X) when X is a simply-connected manifold and its relationship to the topology 
of the G-action on X. It turns out that only certain homological and regularity 
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aspects of these G-manifolds are needed at this level. Therefore we have formulated 
our results in the context of Poincare complexes with additional structure. This is 
also intended to provide the algebraic-topological framework for construction and 
classification of finite symmetries of simply-connected 4-manifolds and varieties 
which will be treated elsewhere. 
The main results of this paper are in Sections 4, 5, and 6. In Section 4, we show 
that for G = Zp, H,(X) and the singular set of the action determine each other 
(Theorems 4.8, 4.9, 4.14). In Section 5, we apply this information to determine the 
G-module H,(X) for more general finite groups G. In Section 6, we present a 
necessary and sufficient condition for an infinite-dimensional free G-complex Y to 
be G-homotopy equivalent to a finitely dominated Poincare G-complex (Theorem 
6.1). We found it useful to include a section on finite domination and finite dimen- 
sionality as these results will be needed in Section 6, and some of the statements are 
scattered in the literature. 
A few words to justify the group-cohomology approach of this paper versus other 
more traditional representation theoretic methods are in order. As it stands at pre- 
sent, there are no classification theorems for general RG-modules except for very 
special groups such as cyclic G. For instance, when G 2 Z, x Z, for p ~3, RG has 
wild representation type and classification of RG-modules is considered a hopeless 
task, cf. [14]. Thus, in order to have a chance to determine the structure or in- 
variants of our modules, we need strong restrictions imposed on them by the 
topology of X. In the present paper, we proceed to supply such restrictions by study- 
ing the G-chain complexes arising from the topology of X. It turns out that a great 
deal of cohomological information becomes available from this point of view, 
which leads surprisingly to complete answers in favorable circumstances. Moreover, 
these restrictions point out the potential answers in more general circumstances. In 
a forthcoming paper, we apply these to the cases where Xis endowed with more geo- 
metric structure, e.g. an algebraic variety. 
The organization of this paper is as follows. In Section 1, we review some standard 
algebraic background while introducing a few notations and terminologies. 
In Section 2, we discuss the construction of G-modules (up to stability) from co- 
homology classes, and a particularly useful class of modules is briefly studied. The 
construction and early applications of similar modules in the context of modular 
representation theory are due to Carlson [ 121, while the w-operators used in Section 
2 are the suitably stabilized Heller and Eckmann-Hilton operators [17,18]. In Sec- 
tion 3, we collect some facts on finite domination. Section 4 studies some general 
questions which arise in conjunction with the G-module structure of H,(X) and the 
singular set of the G-action on a simply-connected 4-manifold in the context of 
regular Poincare complexes. In particular, these lead to a complete determination 
of HZ(X) in terms of the topology of the action when G = Z,. When G acts freely 
on X and G has periodic cohomology of period 4, Hambleton and Kreck [ 161 have 
also determined (independently and earlier) the structure of HZ(X) in a different 
context. Thus our Proposition 4.3 for G=B, and Proposition 4.4 for general G 
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overlap with [16] somewhat. Since the formulation and the approach in Proposition 
4.4 is different, we have seen no harm in including both results and referring the 
reader to [ 161 for an alternate description. Section 5 has basically the local-to-global 
arguments which determine the G-module structure of H,(X) from its restriction 
to the prime order subgroups of G. In Section 6, we apply the methods and results 
of Section 4 to study the finite domination and the finiteness obstructions which 
arise in constructing G-actions on 4-manifolds. Finally, let us point out some papers 
of related interest: [l&16,23]. 
1. Notation and preliminaries 
Throughout this paper, G denotes a finite group, and p a prime divisor of ICI = 
order of G. R denotes a commutative ring with 1, although we will restrict our atten- 
tion to R = Z or R = field in the statements of our results for the most part. The 
group ring RG, is a quasi-Frobenius R-algebra (cf. [12]). For example, this fact is 
used only to the extent that implies RG-projectives and RG-injectives are the same. 
Let d(G) be the category of R-free finitely generated RG-modules. The set of 
isomorphism classes of the objects of these categories form abelian monoids under 
direct sum of modules, with the trivial module as the zero element. Introduce the 
Grothendieck construction by the following equivalence relation: consider all short 
exact sequences 0 -+ A + C+ B + 0, and declare [A] 0 [B] equivalent to [Cl. The set 
of equivalence classes becomes an abelian group in each case. They are denoted by 
&(RG) and G,(RG) respectively. The equivalence classes of free RG-modules 
form subgroups of &(RG) and Go(RG) and their quotient groups are &,(RG) and 
G’,(RG) respectively. The forgetful functor .!Y(RG) + A(RG) induces homomor- 
phisms &(RG) -+ G,(RG) and &(RG) + 6,(RG) which are called the Cartan homo- 
morphism. In general, the Cartan homomorphism is neither injective nor surjective. 
However, for G = Z,,= Z/pZ, it is injective. We will use this fact in the sequel. The 
reader may consult [21] or [14] for details. 
The Tate cohomology groups of an RG-module A4 are denoted by fi’(G,M), 
ieZ. For i>O, fl’(G,M) is the same as ordinary cohomology groups H’(G,M), 
and for i<O, A’-‘(G,M)~H,(G,M). We refer the reader to [13, Chapter XII] for 
a discussion of these groups as well as the ordinary cohomology groups. 
The modules R(G/H) with the natural action of G, Hc G, are referred to as per- 
mutation modules. Let C, be a chain complex of RG-modules. We call C, a per- 
mutation complex if the following two conditions are satisfied: 
(PCl) Each Ci is a permutation module whose R-basis is a G-set S;; 
(PC2) The boundary homomorphisms ai+ i : Ci+ r+ Ci satisfy ai+ i(Sc t) c 
R($F)C Cl!, where R(SH) is the free R-module generated by the set of H-fixed 
points S,!. 
The reader is referred to [l] for further properties and constructions of permuta- 
tion complexes. It should be noted that in the literature, the term permutation com- 
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plex is used often for an RG-chain complex which satisfies (PCl) only. It is easy 
to see that most RG-chain complexes which satisfy (PCl) do not satisfy (PC2) 
necessarily. Therefore, our permutation complexes are much more restricted. If X 
is a G-CW complex, then the cellular chains of X, say C,(X) 0 R, is a permutation 
RG-complex. If G acts cellularly (respectively simplicialy) on a CW complex X 
(respectively simplicial complex X), then after subdivisions (two barycentric sub- 
divisions), X becomes a G-CW complex. In particular, if G acts smoothly on a 
manifold X, then X admits a G-CW complex structure. 
Let EG be a contractible free G-space. Then the equivariant homology and cohomo- 
logy of a G-space X are defined by H&(X; R) = H’(Eo xo X; R) and @(X; R) = 
H;(EG X,X; R), where Eo X,X is the twisted product. For a discussion of equi- 
variant cohomology, in particular, the localization theorem, we refer to [19], and 
[B] for an algebraic analogue. 
Finally, the singular set of a G-space is the union of all the fixed point sets of non- 
trivial subgroups of G. 
2. Modules, cohomology, and stability 
In this section we describe some algebraic constructions based on stable versions 
of the loop and suspension operators of Heller and Eckmann and Hilton. We also 
need to generalize Carlson’s construction of modular representations from group 
cohomology classes, in order to obtain the stable version which is more suitable for 
our purposes. Further details and related constructions are provided in [9]. 
2.1. Definition. Let Mi and MZ be two RG-modules. A projective stable equivalence 
consists of the following commutative diagram, and we denote it by M, -MZ for 
short: 
M,@P, + M2OP2 
t I 
Here, j and rc are the canonical injection and projection, g is an RG-isomorphism, 
and P, and P2 are finitely generated RG-projective RG-modules. If in the above, 
PI and P2 are free RG-modules, then we call Mi and M2 stably RG-isomorphic, 
and we denote it by M, fM2. If we need to emphasize G, the notation will be 
M, aM2, etc. 
2.2. Lemma. A projective stable equivalence h : M, -M2 induces a canonical iso- 
morphism h, : I?‘(K, M,) z &'(K, M2) for all KC G, and all i E Z. 
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Proof. RG-projective modules are cohomologically trivial. Hence we have j, = 
identity, 7z, = identity, and g, is an isomorphism. 0 
2.3. Proposition. Suppose M is an R-free RG-module. Let Hom>(M, R) = 
( f : M+ R ) f is an RG-homomorphism which factors through an RG-projective 
module). Then 
Hom,(M,R)/Hom;(M,R)=p(G,Hom,(M,R)). 
Proof. Let vo = C,, o g E RG be the norm element. Then Hom,(M, R)’ E 
HOmG(M,R), and vo’Hom,(M,R)=Hom,(M,R). See [13, Chapter XII]. 0 
(Compare also [20, Theorem 3.6, pp. 74-751). 
2.4. Definition. If p:M+ R is an RG-homomorphism we denote by @E 
fi’(G, Hom,(M, R))=HC%,(M, R) its equivalence class. If u, is surjective, we 
denote Ker v, by L, . Let M* denote Horn, (M, R) for short. 
In the following, assume that all RG-modules are R-free. 
2.5. Proposition. Let p,, (p2 : M+ R be two surjective RG-homomorphisms such 
that @, = Q2. Then L,, -L,,. 0 
2.6. Proposition. (a) Suppose h :M, -M2, p1 : M, + R, p2: M2+ R are two 
RG-homomorphisms uch that h,(@,) = &. Then L,, -L,,. 
(b) Suppose pi : Mi * R, i = 1,2, are two RG-homomorphisms uch that L,, -L,,. 
Then there exists a projective stable equivalence f : M, -M2 such that f,(@,) = I&,. 
[7 
We define another notion of stable equivalence based on taking syzygies. Define 
o(M) for any finitely generated RG-module M via the following exact sequence: 
0 + u(M) + (RG)m -+ M-t 0. 
o(M) is well-defined up to RG-projective stable equivalence, by the Schanuel 
Lemma [21]. We may also use an RG-projective module instead of (RG)m. Let 
o’(M)=w(M), u”(M)=M and gn+’ (M) = o(co”(M)) inductively, n E Z. 
2.7. Proposition. Ho%G(a”(M), R) 3 A”(G, M*), where M* = Horn, (M, R) with 
<the diagonal’ RG-module structure. 0 
(See [20, pp. 74-751 also.) 
2.8. Corollary. Let [EA”(G,M*) be represented by the surjective RG-homomor- 
phism [ : U”(M) -+ R. Then Ker 5 = LC is well-defined up to projective stable equi- 
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valence. If we use only free modules in the definition of cc), then Ly is determined 
up to stable equivalence. 0 
2.9. Proposition. (a) Let v, : M-t R be a surjective RG-homomorphism, and $ E 
A’(G,M*) the corresponding cohomology class, and o”(v) E Ho/;o(o”(M), w”(R)) 
the class of the induced RG-homomorphism in 
0 - w”(M) - F n - 1.. - F 1 - M d 0 
I I 
o”a, ’ I 
I : I 
cp 
0 - w”(R) - F’ - . . . - F’ A R __t 0 n I 
where Fi and F; are RG-free. Then we may choose representatives so that w”y, is 
surjective. 
(b) Ker(w”y?) - wn Ker p. Hence LUnQ - wnLO. 0 
2.10. Remark. (a) The notation Ly is chosen to suggest the similarity between the 
construction of such modules in this section and those of Carlson [12] which may 
be considered their unstable predecessors. 
(b) The operations a”(-), n E Z have been introduced by Heller [17] and Eckmann 
and Hilton [ 181, using minimal projective resolutions and projective covers when- 
ever they exist (e.g. R = field or p-adic integers). Again, we need only a stable 
analogue, which does not rely on the existence of projective covers or minimal 
resolutions. Thus, the notation w is used to differentiate between the stable and un- 
stable operators. 
We comment briefly on how the cohomological information leads to more precise 
information on the level of modules. The following is perhaps well-known to the 
experts. 
2.11. Proposition. Let Ml and M, be R-free finitely generated RG-modules, and let 
f :M, -+M, be an RG homomorphism which induces an isomorphism on the level 
of Tate cohomology, i.e. for each subgroup HC G, f, : A*(H,M,)*E?*(H,M,). 
Then M, and Ml belong to the same projective stable equivalence class. Thus 
M, BP, =Mz @ P2 for suitable RG-projectives P, and P2. 
Proof. Cf. [5] or [2]. We need only prime power order subgroups H c_ G in the above, 
if R = Z, and only pj-order subgroups, if R is a field of characteristic p. 0 
In the situations where the Krull-Schmidt-Azumaya theorem applies [13], 
Proposition 2.11 implies that the non-projective indecomposable RG-summands of 
M, and M2 are isomorphic. In particular, if Ml and M2 have no projective sum- 
mands, then M, zM,. This is formalized in the following: 
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2.12. Corollary. Suppose the Krull-Schmidt-Azumaya theorem holds for RG, and 
that h4, and M2 have no indecomposable RG-projective summands. Then in Pro- 
position 2.11 above, Ml and AI2 are RG-isomorphic. 0 
2.13. Remark. The cohomology of the modules Ly may be computed from the short 
exact sequence 0 -+ L, + o”(M) -+ R -+ 0 and the associated long exact sequence: 
. . . -@(G,Ly)-E?-‘(G,~“(kf))~Aj(G,~)- . . . 
in which [* can be identified with a suitable cup product operation by the correspon- 
ding cohomology class [E A’(G, M*). For example, let n = 2r > 0 and suppose that 
[EA~~(G, R) is a non-nilpotent element, and GE (Z,)” and R is a field of charac- 
teristic p. Then the following diagram commutes: 
fij+“(G, 02’(R)) 
H’(G, R) 
where 6 is the usual isomorphism induced from shifting, and . ris cup product with 
the class [. . In this set-up, . [is injective, t herefore, for p odd and in sufficiently 
large dimensions, 
H*(G, Lc) = 
R[t I,... ,tmlO~@l,...,U,) 
(0 
where U;E H’(G, R), and tie H2(G, R) are the Bocksteins of Ui, and [ is a 
homogeneous polynomial of degree r E R[tl, . . . , tm]. If p = 2, then H*(G, Lr) E 
R[uI, . . . . u,,,]/(r) where [is a homogeneous polynomial of degree r in the Ui’s. In 
the latter case, r need not be even. One final comment in this direction is that in 
Proposition 2.11 above, we may assume that f, induces isomorphisms in all suffi- 
ciently high dimension, so that computations such as the above are quite useful in 
this respect. 
3. Finite dimensionality and finite domination 
In this section we collect some facts which we will need in Section 6. The main 
references are the papers of Wall [22] (cf. also [9]). According to an old result, 
attributed to J. Moore, a simply-connected topological space which is homotopy 
equivalent to a CW complex with finitely generated homology, has in fact the 
homotopy-type of a finite complex. If G is a finite group, and rci(X) = G, then one 
has the following generalization: Suppose H,(X; Z7c1(X))z H,(f; Z) (where 8 is 
the universal covering space of X) is finitely generated and dim(X) < 03, then X is 
finitely dominated. In particular, X is homotopy equivalent to a CW complex of 
finite-type (i.e. with finitely many cells in each dimension). The proof uses the fact 
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that Zn,(X) = ZG is Noetherian since G is finite, and the arguments of [22] to con- 
struct an n-connected map v/ : L + X, where L is a finite complex and dim X< n. 
Then Lemma 3.1 of [22, I] shows that I,V has a homotopy right inverse, hence L 
dominates X. Under such circumstances, there is a well-defined element o(X) E 
&(ZG) represented by the finitely generated projective ZG-module rr,+ r(w), with 
the property that o(X) =0 if and only if X is homotopy equivalent to a finite 
complex. 
Thus, to study finite domination of CW complexes W with ~ri(X)= G= finite 
group, and finitely generated homology, the problem is reduced to showing that 
dim X< co. At this point, the problem can be formulated in terms of chain com- 
plexes. Namely, according to [22, II, Theorem 2 and Corollary 2.11 finite domina- 
tion and finite dimensionality of a space X (up to homotopy) is a property of the 
&r,(X)-free chain complex of its universal covering space (up to chain homotopy). 
On the other hand, Wall has the following finite dimensionality criterion: 
3.1. Theorem (Wall [22, II, Theorem 61). A positive projective chain complex C, 
is chain homotopy equivalent o an n-dimensional complex if and only if Hi(C,) = 0 
for i>n and Im(d: C,,,, --* C,,) is a projective module. 0 
According to the above, we need to study ZG-projectivity of the module Ker(d,) 
for some sufficiently large n. As in the above discussion, we may also assume that 
C, is finitely generated in each dimension, so that Ker(d,) is ZG-finitely generated. 
Let k = Fp = an algebraic closure of F,. According to [8, Proposition 1.1 and Cor- 
ollary 1.31 the finite domination of C, reduces to showing that for each p 1 ICI and 
each shifted cyclic subgroup SC kG, the M-free chain complex C, 0 k is finitely 
dominated (as a M-chain complex). The projectivity criterion of [3] shows the 
following: 
3.2. Theorem. Zf C, = C,(X; Zn,(X)) in Theorem 3.1 above, then Ker(d,,) is ZIG- 
projective if and only if it is 27C-projective for each cyclic subgroup Cc G of prime 
order. 0 
Putting together the above discussion, we have the following local-to-global 
criterion which will be used in Section 6. 
3.3. Corollary. Suppose that 2? is a simply-connected free G-space and let X=x/G. 
Then X is finitely dominated if and only if x/C is finitely dominatedfor each prime 
order subgroup Cc G. 0 
4. Regular group actions in dimension four 
The main results of this section determine the relationship between the singular 
set of a regular G-action on X and the G-module structure of H,(X) up to projec- 
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tive or free equivalence. The emphasis in this section is mostly on the level of cyclic 
subgroups of G. In the following section we show how this information about cyclic 
subgroups determines H,(X) as a G-module. 
4.1. Definition. Let X be a connected oriented Poincare complex of formal dimen- 
sion four, and let G be a finite group action on X. This action is called regular if 
all elements g E G act via orientation preserving cellular homeomorphisms such that 
their fixed point sets are disjoint unions of a finite number of points and closed 
Riemann surfaces. Without loss of generality, we may assume also that X becomes 
a G-CW complex under this action. X is called then a regular Poincare G-complex. 
As before, H,(X) is finitely generated. 
Notice that any smooth G-manifold of dimension 4 has a regular action. More 
generally, if X is a PL-manifold and elements of G act by simplicial maps for some 
simplicial structure on X, then again the action is regular. The manifold condition 
is not in fact necessary if dim X=4 and X satisfies Poincare duality and the action 
is simplicial. The proofs of these facts are standard under such simplifying 
assumptions. 
The G-action on X induces an RG-module structure on H2(X; R). We are in- 
terested in studying this RG-module. Throughout this section, the standing hypo- 
theses will be the following: 
(SPC) X is a finite Poincare complex of dimension four with a regular G-action, 
and nr(X) = 0. 
Some of these conditions are not necessary for all the arguments, and they are 
assumed only for convenience. For example, in most of the arguments involving 
only the cellular chains, we only need H,(X) = 0. Often X need have only finite 
dimension with finitely-generated homology, if we confine ourselves to projective 
stable equivalence. The following lemma then justifies the extra conditions: 
4.2. Lemma. Suppose X is a regular PoincarP G-complex as in Definition 4.1, and 
such that dim X< CQ. Then X is G-homotopy equivalent o a 4-dimensional regular 
Poincare’ G-complex. 
Proof. Let dim X= n>4. Then the exact sequence 
0 - C,(X) - 
a5 
*~~-c,(x)-B,(x)-o 
shows that B4(X) is stably free over ZG, since C,(X) are ZG-free for i2 3. Let X, be 
some G-invariant 4-skeleton for X. Then we have the exact sequence: 0 + B,(X) + 
H,(X,) +&(X) + 0 in which all ZG-modules are Z-free. This sequence splits, 
therefore, over ZG, and H,(X,) z&(X) 0 B,(X). Without loss of generality, we 
may arrange for B,(X) to be ZG-free. The injection j : B,(X) -+ C,(X,) splits as a 
ZG-direct summand, and we let k : C&X,) + B4(X) be the corresponding projec- 
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tion. Since C,(X,) is ZG-free, relative to (C,(X,), i<2), we can find a G-chain 
homotopy equivalence from C,(X,) to C; below: C; = C,(X,) 0 B4(X) and Ci = 
C,(X,); a’ : C; + Ci = C,(X) is a3 on C,(X,) and zero on &r(X); 8:: Ci --t C; is 
a4 0 k : C,(X,) -+ C,(X,) @B,(X). Using the Hurewicz theorem, as in [21], we may 
geometrically realize Cl, since the problem involves only free 3-cells and 4-cells. 
The resulting G-CW complex X’>X, is G-homotopy equivalent (relative to the 
2-skeleton X,) to X, and dimX’=4. 0 
In the following, we relate the structure of the singular set of the action and the 
G-module H,(X). Without further mention all actions are regular and they satisfy 
(SPC) above. (Compare Propositions 4.3 and 4.4 with [16, Proposition 2.41.) 
4.3. Proposition. Suppose G acts freely on X, G = Z,. Then H,(X) 3 Io @ Io OF, 
where F is a free ZG-module. 
This is a special case of the following: 
4.4. Proposition. Let G act freely on X. Then, 
(a) there exists a ZG-module K such that H2(X) = w 2(K) and K is obtained from 
the extension (n) below: 
O-K-W~~(Z)%!~-O; (n) 
(b) up to projective stable equivalence, the extension (n) is determined by a class 
e(r) E HAG; z); 
(c) for any u E H,(G; Z), there exists a smooth closed G-manifold X, dim X= 4, 
n,(X)=O, and H,(X) satisfies an extension (n) as in (a) such that the associated 
homology class e(n) of (b) is the given class u. 
We give an independent proof of Proposition 4.3 first: 
Proof of Proposition 4.3. Since G= Z, has periodic cohomology, w2(Z) - Z and 
w-*(Z)- Z. We compute Euler-Poincare characteristics in d,(ZG) and then we 
identify the ambiguous projective ZG-module factor via the injectivity of the Cartan 
map KO(ZG) -+ G,,(ZG). In Ga(ZG) we have 
[x&_(X)1 = W,(X)1 = 0, 
thus 2[2] + [H,(X)] =0, since C,(X) is ZG-free. We have the following exact se- 
quence in which F, is a free ZG-module: 
O-H,(X)+F,-+Z@Z+O. 
Comparing this with the sequence 
0-1,@10-(ZG)2+Z@Z+0 
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and applying Schanuel’s lemma [21], we conclude: 
H2(X)O(ZG)2~ZGOZGOF0. 
From the classification of Z[Z,]-modules [ 141, it follows that H,(X) = Zo @ Zo 0 F, 
where F is a free ZG-module. 0 
of Proposition Consider the ZG-chain complex We have 
following exact in which ) and indicate cycles boundaries: 
0 77 + -+ C,X B,(X) -+ 
0 -+ -+ Z,(X) ZZ2(X) -+ 
0 --) Z,(X) --t C,(X) -+ C,(X) -+ C,(X) -+ + 
(E) 
0 _2H2(X) - co 5 z - 0. 
The equivalence class of v, in Ho%,(cK5(2),z) determines oP2H2(X) up to pro- 
jective stable equivalence. Since Ho%~((o-~(~), Z)=fi’(G, Homz(o-5(Z), Z))g 
Z?‘(G; Z)rZ&(G; Z), the class of cp corresponds E(V) EZ&(G; ;2). Moreover, 
cc) P2ZZ2(X) -L, , so that H,(X) ZZ2(X)* (U - cC2(Ls). Since e(q) determines 
H2(X) up to projective 2 above) and the extension 
(YZ), we 
To prove we consider Q d&(BG) --f f&(BG) =H,(G) 
from the oriented bordism group to by ~(f : M4 + = 
f,[M4] l H,(BG) the image of the fundamental (orientation) class of M. Consider 
the Atiyah-Hirzebruch spectral sequence: H;(BG; Qj(point)) * @r(Qi+j(BG)). The 
relevant coefficient groups are Q. = Z = Q4 and Qi= 0, i= 1,2,3. Thus we have 
co4(BG) z H,(BG) @ O,(point), so that Q is surjective. Let u E H,(G; Z) z H,(BG) 
be given, and choose a representative f: W4 + BG for a class U’E fi4(BG) such that 
I = U. Since W is oriented, we can do surgery on the map f to adjust the fun- 
damental group of PV, and assume that the representative ( W4,f) is chosen so that 
f, : x1(W) + nl(BG) is an isomorphism. Let X be the universal covering space of 
W. Then X is a smooth, simply-connected, closed free G-manifold, for which the 
associated homology class e(q) = U. 
See [lo] for more details and a generalization of this result. 0 
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4.5. Corollary. If G acts trivially on Hz(X), then the G-action on X is not free. In 
particular, if G = Z,, then X G + 0. 
Next, we will relate the projective stable equivalence class of the ZG-module 
H,(X) to the singular set of the G-action on X. First, there is a convenient co- 
homological condition for projective stable equivalence which shows that in many 
cases cohomological computations for ?&-subgroups of G is sufficient. See Section 
5 for another instance of this. 
4.6. Proposition. Let X4 and Y4 satisfy (SPC) above. 
(a) Let f: Y-+X be a G-map, and consider f * : Hj(C; H’(X)) + Hj(C; H’(Y)) 
induced by f * : H*(X) -+ H*( Y). Assume that f * is an isomorphism for all i, all 
j&-O, and all prime order subgroups Cc G. Then H,(X)- Hz(Y). 
(b) Under the hypothesis of (a), fK : YK + XK is a homotopy equivalence. In 
particular, if Hz(X) -Hz(Y) via f, : H2( Y) + H,(X), then f induces a G-homotopy 
equivalence on the singular sets of the G-actions on Y and X. 
Proof. For i = 0,4, the hypotheses of (a) imply that f * : Hj(C; H’(X)) + Hj(C; H’(Y)) 
is an isomorphism for all i and j. Hence f * : H4(X) + H4( Y) is an isomorphism 
modp for eachp 1 ICI, so that deg(f) is an integer prime to ICI. It follows that the 
Serre spectral sequence of EA xA (X, Y) + BA collapses for each p-elementary 
abelian subgroup A C_ G. It follows from [5, Theorem l] that f * induces a ZG- 
projective stable equivalence f * : H2(X) - H2( Y). The details are as follows. First, 
we may assume that f, : H2(Y) + H,(X) is surjective. If not, add copies of G x S2 
(freely permuted by G-translation) along free G-orbits of Y. By equivariant obstruc- 
tion theory, f may be extended to f’ : Y’ -+X such that f; : H2(Y) @ (ZG)” = 
H,( Y’) + H2(X) will be surjective for an appropriate n 10. The mapping cone T of 
f’ will be a modp homology Moore space of homological dimension (modp) equal 
to three, and a base point fixed under G. This mapping cone is freely equivalent to 
the pair (X, Y) as in [5] and R,(T; zr,) = Ker f;. The hypotheses in (a) implies that 
E*(T) is cohomologically trivial as a ZC-module for each Cc G, I C / =p. According 
to [5, Theorem 11, R*(T) will be ZG-cohomologically trivial, and since it is Z-free, 
R*(T) is ZG-projective. As in Section 2, we conclude that H2(X)c H2(Y’) and 
since H2( Y’) E H2(X), we have H2(X) - H2( Y). 
(b) follows from [5] also. 0 
Next, we determine the structure of the ZG-module H2(X) according to the 
singular set of the action, and an additional group cohomology class. 
4.1. Proposition. Let X satisfy (SPC) above. Let X2 be any two-skeleton for X 
which is a G-subcomplex. Then: 
(a) The stable ZG-isomorphism class of H2(X2) is well-defined and it depends 
only on the singular set of the G-action on X. In particular, suppose Y4 satisfies 
the same hypotheses as X4. Then H2(Y2)-H2(X2) if the singular sets S(X) and 
S(Y) of G-actions on X and Y are G-homotopy equivalent. 
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(b) If G is a p-group, then H,(X,)-H2(Y2) if and only if S(X) and S(Y) are 
G-homotopy equivalent. 
(c) There exists a well-defined homology class 9(X) E H,(G; H,(X,)) such that 
the pair (H2(X2), 9(X)) determine the ZG-module H,(X) up to the projective stable 
equivalence. 
(d) Suppose X and Y are as in (b) above such that under the projective stable 
equivalence f: H2(Y2)cH2(X2) we have f,(0(Y))=e(X). Then Hz(Y)-Hz(X). 
Proof. Let X, and Xi be two different 2-skeleta which are G-subcomplexes. In par- 
ticular, their singular sets coincide. Using the fact that X, and Xi are simply- 
connected 2-dimensional Moore G-complexes, we find a G-map f: X, + Xi which 
extends the identity on the singular sets. Adding free G-cells of dimension 2 to X, 
does not change the stable isomorphism class off, and in this way, we may assume 
f, : H2(X2) + H2(X’) is surjective. Let W be the mapping cone of f. W has a con- 
tractible G-singular set, and it is a 3-dimensional Moore space with Z-free homology, 
hence its homology is stably ZG-free. (To see this, notice that W/S(W) has the same 
G-homotopy type as W, and C,(W/S(W)) is ZG-free except for a factor Z in 
C,, which accounts for the base point. Therefore H3( W/S( W)) is the only homology 
group in the ZG-free chain complex C,(W/S(W)), which shows that it is stably 
ZG-free.) Since in 0 -+ H3( W) + H,(X,) --t H2(Xi) +O all modules are Z-free, the 
exact sequence 0 + H’(X;) + H2(X2) + H3( W) + 0 is ZG-split, from which (a) 
follows. The second assertion of (a) is proved by a similar argument. 
(b) By adding free G-cells to X and Y, we may assume that H,(X,) = H2( Y2) as 
ZG-modules. For cyclic subgroups of order p, Xp and YZzfl are determined up to 
homotopy type by A*@,, H2(X2)) zfi*(Z,, H2( Y,)) using the localization theorem 
in equivariant cohomology [19, Chapter 31. In fact, since X2zP and Y2zP are disjoint 
unions of Riemann surfaces and finite sets of points, XZzP and Y2zp are homeo- 
morphic. Taking ZP in the center of G, the action of G/Z’? on H*(X2’p) and 
H*(Yp) is also determined by the action of G/Z, on H*(Z,,, H2(X2)) and 
A*&,, H2(Y2)). In fact, we need to consider only H’(.& H2(X2)) and H’(iZ,, H2(Y2)) 
as G/&,-modules to compute the action of G/Z, on H’(Xp) and H2(Y2’p). 
Without loss of generality, we may assume that G/& acts effectively on Xp and 
Yp. The action of G/Z, on H*(Xp) and H*(Yp) determines the (G/Z,)- 
homotopy types of X2zP and YZZp (using Section 2 and some equivariant obstruc- 
tion theory). Thus, X2zp and Y2z P are (G/7&,))-homotopy equivalent and hence 
G-equivalent for each Z,CG. An inductive argument on the lattice of subgroups 
shows that S(X,) and S(Y,) are G-homotopy equivalent. 
(c) C,(X) is a ZG-complex in which C,(X) and C,(X) are ZG-free. 
We have the exact sequences below: 
O+Z+C~(X)+C3(X)+&(X)+O, 
(E) 0 --f&(X) + H2W2) + H,(X) -+ 0, 
0 + H,(X) + C,(X) + C,(X) + C,(X) + Z + 0. 
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Applying HomZ(. , Z) to the first two sequences, we have: 
0 + B*(X)* + r?(X) -+ C4(X) + Z -+ 0, 
(E*) 
0 + HZ(X) + H2(X2) + I&(X)* + 0. 
Now, B2(X)* is a representative in the ZG-projective stable equivalence class of 
02(Z). From the second exact sequence of (E*) we find, up to projective stable 
equivalence: 
0 - E?(X) - H2(X2) -% 0 2(Z> - 0. 
Applying cY2(. ), we obtain: 
0 - co _2H2(X) - Co _2H2(X2) z z - 0. 
The class of v, in H6%o(K2H2(X2), Z) corresponds to the homology class e(X) E 
H,(G; H2(X2)) under the isomorphisms: 
Ho%o (o -2H2(X2), Z) 
=H’(G, Hom,(cK2H2(X2), Z)) 
= fi’(G, o 2H2(X2)) = I!-2(G, H,(X,)) = H,(G, H,(X,)). 
Since H2(X2) is well-defined up to stable equivalence, H1(G,H2(X2)) depends on 
the G-complex X only. On the other hand, the projective stable equivalence class 
of U2H2(X), and hence of H2(X), is completely determined by the stable equi- 
valence class of H2(X2) and the class e(X). See Section 2. 
(d) Follows from (a), (c) and Section 2. 0 
4.8. Theorem. Let X4 be a simply-connected finite Poincart! complex with a regular 
G-action. Suppose G acts trivially on H,(X). Then the fixed point sets of all sub- 
groups of G are disjoint unions of 2-spheres and isolated points. 
Proof. By Corollary 4.5, this action cannot be free. Let p be a prime, and Z,CG. 
Since X% contains the fixed point sets of larger subgroups, without loss of genera- 
lity, it suffices to prove the theorem for G = Z,_, . Consider the Serre spectral sequence 
for the Bore1 fibration: X+ Eo xo X-t BG in which H’(G; Hj(X)) * @r(H$j(X)). 
Since Xc #Q, the differentials all vanish. This implies, in particular, that f?(X) = 0, 
so that H,(X) and H2(X2) determine each other up to stable equivalence. More 
explicitly, let x1 E Xc, and let X0 =X- {x1}. Since Zp cannot act on such a Poincare 
complex X with only one fixed point (see [S], for example), we have X0’ #0. Let 
x0 E X0’, and consider the spectral sequence of the pair Eo xc (X0, x0) + BG which 
has only one row. Therefore, HG(Xo,xo)= H*(G, H2(Xo,xo)) = H*(G, H2(X))= 
@;= 1 H*(G; z), where I= rank, H2(X). Due to the periodicity of group cohomo- 
logy, we may consider these isomorphisms in sufficiently high dimensions, (in fact 
dimensions >4 is sufficient). Then we may apply the localization theorem [19, 
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Chapter 31 of Bore1 directly: j : (X0’, x0) + (X0, x0) induces an isomorphism modulo 
H*(G; Z)-torsion: 
In this situation, H~(X,G,qJzHi(G,H2(X)) vanishes for i= 1 (mod 2), since 
H’j+‘(Z!,; Z)=O for all jz0. Since HJ$(X$,xe)gH*(G; Z) @H*(X:,xO), all odd 
dimensional cohomology of (X,“,x,) must vanish. This leads to the desired claim. 
0 
4.9. Corollary. Let X be a simply-connected Poincare complex of formal dimension 
four, dim X< 03, with a regular G-action. Suppose HJX)z(Z)‘, where G acts 
trivially on H,(X). Then the fixed set of each non-trivial subgroup of G consists of 
a disjoint union of 2-spheres and a finite set of points. 
Proof. This follows from Theorem 4.8 and Proposition 4.7. 0 
4.10. Corollary. Suppose X is as in Proposition 4.7, and suppose that XH has a 
component which is a Riemann surface of positive genus. Then G cannot act trivially 
on Hz(X). 0 
The converse of Theorem 4.8 is also true: 
4.11. Corollary. Let X be as in Proposition 4.7. Suppose that G = Z, and Xc con- 
sists of 2-dimensional spheres and a finite set of points. Then Hz(X) - Z’ with 
trivial G-action. 
Proof. As in the proof of Theorem 4.8, we consider the isomorphism in high dimen- 
sions H~(XaG,xO) E H*(G, H2(X)). From the hypotheses of the corollary, it follows 
that H’(G, H2(X)) =0 for i= 1 (mod 2). From the classification of cohomology of 
Z-free ?&-modules, we conclude that H2(X) has indecomposable components which 
are either isomorphic to Z or a ZG-projective module. q 
4.12. Remark. Taking Euler-Poincart characteristics as before in G@G), we con- 
clude that for finite Poincare complexes, H,(X) is stably ZG-isomorphic to Z’ (for 
some Ir 0) in Corollary 4.11 above. 
4.13. Corollary. Suppose X is as in Corollary 4.11, and the singular set of X consists 
of a finite set of points, and G = .Z$. Then H,(X) is stably isomorphic to Z’ for 
some 1, with a trivial G-action. 0 
The following theorem gives precise information on the relationship between the 
singular set of G-action on X, and the restriction of the ZG-module H,(X) to the 
elements of prime order. We formulate this theorem for G = Z,, . 
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4.14. Theorem. Let G = Z, act on X, satisfying the hypotheses of Proposition 4.7, 
and suppose that the action is not free. Then H,(X) is stably isomorphic to the 
ZG-module A @ B, where A= Zm, and Bz(I~)~“@. Let S be the union of the 
isolated fixed points and the 2-dimensional spheres in XG. Then m, = C gi , where 
gi are the genera of the surfaces in XG - S, and m is determined by x(X G, and mo. 
Proof. Once more, we study the permutation complex C,(X) of the cellular chains 
of X. Therefore, C,(X’) is a direct summand of C,(X) and it is a G-subcomplex. 
AS before, Z,(e), Bi(. ), and Hi(-) denote cycles, boundaries and homology modules. 
Consider Xc as in the proof of Theorem 4.8 above. We will study the exact se- 
quence of ZG-modules 0 + B2(X) --f Z,(X) -+ H,(X) + 0 in detail. Consider C,(X,,) 
as a subcomplex of C,(X). From the commutative diagram 
0 - Z,(X,) - C,(X,) - C,(&) ---_t ~&y) _ 0 
i I I I I 
0 - Z,(X) - C,(X) - C,(X) - G(X) - 0 
it follows that j: Z,(X,) -+ Z,(X) is injective, since the other vertical homomor- 
phisms are inclusions. 
4.15. Lemma. There is a ZG-free module F0 such that B2(X) Q .7? 0 F,. 
Proof. Since Cj(X,> + Cj(X) is injective, we have the commutative diagram below 
in which the first two rows are exact, and the third row is the sequence of quotients: 
0 - GWO) - C3Wo) - B2G’o) - 0 
II I I 
o-+z- GW - C,(X) - B,(X) - 0 
II I I 0 - 7 - C,(X/X,) - C,(X/X,) - B,(X)/B,(X,) - 0. 
Note that Ci(X/X,) is ZG-free for i = 4,3, B2(XO) is ZIG-free, and the third row is 
also exact. The periodicity of cohomology of Z, shows that B,(X)/B,(X,) - z, so 
that we have the exact sequence below 
in which P is ZG-projective. Taking Euler-characteristics in G,(ZG) and taking 
into account that X is a finite complex, we find that P is also ZG-free in this case. 
Since B2(XO) is 77G-free and the sequence is Z-split, it is also ZG-split. The lemma 
follows. q 
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4.16. Lemma. Z,(X) G Z,(X,) @ Z OF,, where FO is ZG-free. 
Proof. Consider the commutative diagram: 
0 - B,(X,) +--7 B2(X) +--T F @Z- 0 0 
I .i I I 
0 - z,wo> - Z,(X) - - 0 Q 
I I I = 
0 - ff2Wo) - H,(X) -0-o 
I I 
0 0 
The isomorphism &(X0) G&(X) shows that Q = Z,(X)/jz,(X,) P F. @ Z. Since 
the top row is split over ZG by Lemma 4.15, the assertion of the lemma follows. 0 
4.17. Lemma. Z,(X) is stably ZG-isomorphic to H2(X) @ Z. 
Proof. Since B,(X,) is ZG-free, we have 
Z,Wo) = B,(X,) 0 ff,W,) = B2(XfJ 0 H,(X). 
From Lemma 4.16, it follows that 
where F= F. 0 B2(Xo) is ZG-free. q 
We continue the proof of Theorem 4.14 as follows. Let X, be a 2-skeleton of X 
which is also a G-subcomplex as in Proposition 4.7, so that H,(X,) and Z,(X) are 
stably ZG-isomorphic. H2(X,) may be computed directly from the cellular struc- 
ture of X,, which is a 2-dimensional simply-connected Moore G-complex. How- 
ever, we prefer to use equivariant cohomology which provides a shorter proof. Let 
XoEX2G=Xo. H~(X2,xO)~H*(G,H2(X2,xo))~~*(G,H2(X2)) from the Serre 
spectral sequence. Decompose H2(X,) =A @B@ C as a ZG-module where 
A = @ Ai, B= @ Bi, and C is ZG-projective as follows. Ai are indecomposable 
and H*(G,Ai) is non-zero only in even dimensions, and H*(G, Bi) are non-zero only 
in odd dimensions. We conclude that N*(G, B)= @jH$+‘(X2,x) and Ei*(G,A)= 
@j>oHG2j(x2,x). I n a 11 ff’ * su rcrently high dimensions, H/.(X,, x) = HA@, x) by the 
localization theorem, where E is the fixed set [19, Chapter 31. Therefore, 
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HA (2, x) G Hj (G, Z) @ f?‘(2) 
0 Hj- '(G, Z) 0 H’(Z) @ Hjp2(G, Z) @ H2(aZ). 
Since Hj(G, Z) = 0 for j= 1 (mod 2), a counting argument leads to the computation 
that H2(X2) and hence H2(X2) have a direct sum decomposition of the form 
A @ B @ C where the number of the indecomposable summands Bi in B is equal to 
the total rank HI(E) = 2 Ci gi, and A = Bm, where m = rank(Ho(x)) + rank(H2(z)) - 1. 
Since Z,(X) is stably ZG-isomorphic to H,(X,) by the preceding lemma, we have 
H,(X) @ Z @ Fz A @ B @ C, where C is 77G-free. Therefore, H2(X) = Z” @ B @ F, 
where F is 77G-free. Taking Euler characteristic in G,(ZG), we find: (n + 2)[2] + 
[B] + [F] = t[ZG] +s[Z] where s, t E z. According to the classification of z[zp]- 
modules, H,(X) z z” @ J2mo @ F, where m. = xi gi and F is ZG-free. 0 
5. Some generalizations 
In the previous section we analyzed the relationship between the G-module struc- 
ture of H,(X) and the topology of the G-action with emphasis on the case G = Z,. 
In this section we illustrate how similar results may be deduced for more general 
finite group actions on simply-connected 4-manifolds. As before, since the argu- 
ments are homological for the most part, we may formulate these results for homo- 
logy manifolds. Suppose X is a finite simplicial complex of dimension n, and 
R = Z/qZ. X is an R-homology n-manifold if the link of each vertex has the same 
R-homology as S”- ‘. We say that X has a PL G-action, if for some simplicial sub- 
division, the elements of G act by simplicial homeomorphisms. It is well-known that 
in this case, the second barycentric subdivision makes X into a G-CW complex (cf. 
[l 11). If X is a iYp-homology manifold with a PL Z,-action, then all the com- 
ponents of Xzp are also i&,-homology manifolds. If X is connected and the action 
is effective, then Xzp is of a strictly smaller dimension. If p is odd, then the co- 
dimension of Xzp is even. Thus, if X is a Z,-homology 4-manifold and p > 2, then 
X”p has components which are isolated points or 2-dimensional manifolds, since 
77,-homology manifolds of dimension two are manifolds. Now let /G I= q, and X be 
a i&,-homology 4-manifold with an effective PL G-action. We will call X a regular 
zI,-homology G-manifold, if dim XHr2 for all Hc G. Recall that rank(G) = 
max{n: G contains a subgroup isomorphic to (77,)” for some p}. 
5.1. Theorem. Let X be a regular Z,-homology G-manifold, where 1 G / = q. Assume 
that xl(X) = 0 and H,(X) g Z”’ @M where G acts trivially on Zm and M is ZG- 
projective, m 10. Then rank(G) I 2 and every subgroup HE (Z,)2 has XH # 0. 
Proof. It suffices to consider the case where G=(Z,)“, nz2. Let CCG, ICI =p. 
Then according to Theorem 4.8 and Corollary 4.9, Xc is a disjoint union of copies 
of S2 and isolated points, if X has a regular C-action. But one verifies that the 
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same arguments go through in the above situation as well. Now, G/C acts on Xc 
and (XC)G’C=XG. 
5.2. Lemma. G/C acts trivially on H*(X’). In particular, G/C acts trivially on 
H”(Xc) and no(XC). 
Proof. By the localization theorem [19, Chapter 31 for sufficiently large t, H&(X’)= 
H’,(X) (cf. the argument of Theorem 4.8 above). But H$(X’)gH*(X’) @ H*(C) 
and H,*(X)rH*(C, H2(X)) @ Q, where Q is some graded abelian group. This 
follows from the spectral sequence of E,x,X-+ BC which collapses (cf. Theorem 
4.8 and Corollary 4.9). If m = 0, then Xc is either So or S2, and it is easy to see 
that G/C acts trivially on H*(X’). If m >O, then H*(C, H2(X))#0 in positive 
dimensions, and the hypothesis shows that G/C acts trivially on H*(C,H2(X)). 
Moreover, QCH*(C)@H*t4(C), and it has a trivial (G/C)-action. Therefore, 
H*(X’) 0 H*(C) has a trivial (G/C)-action, from which the lemma follows. 0 
Thus G/C leaves the copies of S2 and the isolated points invariant. If xogXc is 
an isolated point of Xc, then the isotropy subgroup G,,= G. Since X is a Z,- 
homology 4-manifold, we see that rank(G) I 2 from local considerations (essentially 
because Z, x ZP cannot act freely on a Y&-homology sphere, and the argument 
below for the fixed-point free case). If Xc consists of copies of S2, then G/C acts 
effectively on S2, otherwise the G-action on X will not be effective, contrary to the 
standing hypothesis. Moreover, (S2)G’C # 0, and rank(G/C) I 1. Hence rank(G) 5 2 
and XG=(XC)G’C#O. 0 
5.3. Corollary. Suppose that G acts effectively on X, and rank,(G)>2. Then G 
cannot act trivially on H2(X). Moreover, rank, H2(X)12p- 2. (X satisfies 
Theorem 5.1 above.) 0 
5.4. Theorem. Let X be a simply-connected regular R,-homology G-manifold, 
where p 1 IG 1 is a fixed prime. Assume that for all Cc G, IC/ =p, H2(X; Fp) is F, C- 
projective. Then H2(X; lFp) is F,G-projective. Moreover, rank,(G)s2, and if P is 
any p-subgroup of G, then XP#O. 
Proof. Let G’ be a maximal p-elementary abelian subgroup. From the spectral se- 
quence of EcxcX+BC, it follows that Xc is either So or S2. Since the action 
preserves the orientation, G’/C must act trivially on zro(Xc) and (Xc)G”c#O. 
Therefore, XG’#O and rank(G’)s2. Similarly, if P is any p-subgroup of G, 
XP# (xc)P’c # 0 where C is a central p-order subgroup of P. Now let x0 E Xc’, 
and let X,=X- {x0) as a G’-space. The projectivity assumption on all p-order sub- 
groups implies that H2(Xo; Ep) is EpG’-projective according to Theorem 2.4 of [5] or 
[2], because X0 is an [F,-Moore space. Therefore H2(X; Fp)rH2(Xo; [Fp) is [F,G- 
projective. Because this is true for all p-elementary abelian subgroups of G, 
Chouinard’s theorem implies that H2(X; [Fp) is [F,G-projective. q 
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5.5. Corollary. Suppose X is a simply-connected topological 4-manifold with a regular 
G-action, and assume that H,(X) is ZC-projective for all cyclic subgroups C of 
prime order. Then H,(X) is UG-projective and rank(G)r2. Therefore, H,(X) is 
ZG-projective if and only if for each prime order subgroup C, dimFP H*(XC; Fr) = 2. 
5.6. Theorem. Let X have a regular G-action, where G is a p-elementary abelian 
group, p> 2. Assume that for each Cc G, ICJ =p, there exists an integer m 2 0 
(depending on C) such that H,(X) G Zm 0 M, where M is RC-projective (A4 depends 
on C also), and m <p - 2. Then H,(X) E Zm @ M, where A4 is UG-projective, and 
G acts trivially on Urn. 
Proof. According to Theorem 4.8 and Corollary 4.9, Xc consists of copies of S2 
and isolated points such that rank H*(X’) = m + 2. Hence rank H”(Xc) <p which 
implies that the (G/C)-action on H”(Xc) must be trivial. Thus G/C acts effective- 
ly on each component S2 or leaves the isolated points fixed. This shows that 
rank(G/C) I 2, so that rank(G) I 2. Moreover, Xc = (XC)G’C#O. Choose x E Xc, 
and let X,=X- {x}. We still have XOG#O, so choose X~E X0’ (see [8] for example). 
We proceed to show that H2(X) = Zm @ A4, where A4 is ZG-projective and G acts 
trivially on 77”. From the localization theorem [19, Chapter 31 we have that 
Hz(Xo, x0) --t H,*(XoG, x0) is an isomorphism modulo H&torsion. Therefore, as an 
H$module, the H&rank of HG(Xo,xo) is equal to H&rank of H~(X~,xo)= 
rank, H*(XF,xo) = m. Thus, the cup product H*(G) @ H’(G, H2(Xo,xo)) + 
H*(G,H2(Xo,xo)) is an isomorphism modulo H*(G)-torsion. Here, we have 
H~(Xo,xo)= H*(G, H2(Xo,xo)). Because H2(Xo,xo) is Z-free, and H*(G, Z)/Radicalz 
H*(G; EP)/Radical in positive dimensions, we may use Z-coefficients in the loca- 
lization arguments above. Hence, H”(G,H2(Xo,xo)~Zm @ B where B is H*(G)- 
torsion. Let the injection Zm + H2(Xo, x0)’ --t H2(Xo, x0) be v, : Zm + H2(Xo, x0). 
Then v* : H*(G, Z”) -+ H*(G, H2(Xo,xo)) is an isomorphism modulo H*(G)- 
torsion. Thus, M= coker p is H*(G)-torsion. Consider the inclusion ,Q : (XoG,xo) + 
(X0, x0) which induces the (mod H*(G)-torsion) isomorphism Q * : Hz(Xo, x0) + 
Hz(X,“, x0). It follows that the induced homomorphism Q * : H2(Xo, x0) + H2(XoG, x0) 
is surjective and it may be taken to be the dual to ~1, i.e. a, =Q, in homology. But, 
by the hypothesis, for each C we have 
H,*(X,c,xo) = ’ H: (X:3 xc,) 
? t 
3 
I I 
ff*(C H2Wo, ~0)) - ff*Wf2W:,x,,)). 
Therefore, H*(C, H2(Xo,xo)) -+ H*(C, H2(XoG,xo)) is an H*(C)-isomorphism modulo 
H*(C)-torsion. But the mapping cone of Q is a Moore space, say Y. Moreover, 
H,(Y,y)=H*(C,H*(Y,y))=H*(C,cokerp) 
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which vanishes in all sufficiently high dimensions. Here, y is the base point fixed 
by C corresponding to Y. Therefore, coker p is cohomologically trivial over G. 
Since Q is a split injection over Z, coker v, is Z-free. By a theorem of Rim, coker V, 
is ZG-projective. Hence 
H2(X) E Zm @ coker v, E Zm @ M 
where A4 is ZG-projective and the theorem is proved. 0 
5.7. Corollary. Let X and G be as in Theorem 5.6. If for all prime order subgroups 
Cc G, Xc consists of copies of S2 and isolated points and ICI >x(X’), then for 
some m 2 0, H2(X) z Zm @ M where M is UG-projective and G acts trivially on Zm. 
Conversely, if H,(X) = Zm 0 M with ZG-projective M and trivial G-action on Z”‘, 
then Xc consists of copies of S2 and isolated points with x(X’) = m + 2. 0 
6. Finite domination and finiteness conditions 
The main results of this section are Theorem 6.1 and Corollary 6.7 which together 
with Propositions 4.3 and 4.4 provide necessary and sufficient conditions for a free 
infinite dimensional G-space X to be homotopy equivalent to a 4-dimensional finite 
Poincare complex with a free G-action. These results are necessary steps in the solu- 
tion of the following general problem: Which homotopy G-actions on a simply- 
connected closed 4-manifold are equivalent to topological G-actions? 
We consider the special case where the G-action on the manifold is expected to 
be free. See [2] for a discussion of related problems. The method of proof of 
Theorem 6.1 justifies the remark in Section 4 concerning the passage from Z, to a 
general finite group. For background material, see Section 3 above. 
6.1. Theorem. Let X be an o3-dimensionalfree G-space, where G is any finite group. 
Suppose that non-equivariantly, X is homotopy equivalent o a simply-connected 
closed 4-dimensional Poincare complex. The following conditions are necessary and 
sufficient for the existence of a finitely dominated 4-dimensional free G-complex Y 
which is G-homotopy equivalent o X: For each subgroup Cc G, ICI =p=prime, 
(I) the spectral sequence of the Bore1 construction Ecxc X-t BC does not 
collapse, 
(II) dirnFo H’(C; H2(X)) 2 2. 
Proof. Suppose X ;s G-homotopy equivalent to such a Y. Then we may consider 
EC xc Y + BC which is fibre homotopy equivalent to EC xc X + BC. Since E, xc Y = 
Y/C, H’,(Y) = 0 for i>4. From this, it follows that (I) holds. Condition (II) 
follows from Proposition 4.3 by a direct computation: 
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To prove that these conditions are sufficient, we proceed in several steps. First, 
we apply our finite domination criterion in [6] to reduce the problem to the case 
G = Zp. According to [6, Theorem 3.31, X is G-equivariantly finitely dominated if 
and only if it is C-equivariantly finitely dominated for each Cc G, ICI = prime. See 
Section 3 above. Thus, we may assume that G= 22, from now on. Next, we notice 
that equivariant finite domination is preserved under ‘free equivalence relation’ of 
G-spaces and G-complexes. This translates into the following: 
6.2. Lemma. Let W be a free G-complex obtained from X by adding free orbits of 
G-cells of dimensions 3 and 4 so that ni( W) =O for i13. Then W is G-finitely 
dominated if and only if X is G-finitely dominated. 
Proof. This is a special case of [S, Proposition 1.11. See also [4]. 0 
Next, we reduce the problem to cohomology computations. 
6.3. Lemma. Let W be as in Lemma 6.2 above. Then W is finitely dominated if and 
only if HA(W)=0 for iz5, and this happens if and only if H&(X)=0 for iz5. 
Proof. Let W’ be any free G-complex such that n(W’) =0 for is 3 and dim W’=4 
(e.g. the universal cover for a 4-skeleton of BG). Since q(W) =0 for iS3, we can 
see by an easy equivariant obstruction theory argument that there exists an equi- 
variant map f: W’+ W. Assume that H,&,(W) = 0 for iz 5. Compare the Serre spec- 
tral sequences of the Bore1 constructions Eo XG W’+ BG and EG XG W+ BG. 
Without loss of generality, we may assume that f,: H4(W’) + H4(W) is surjective 
(otherwise add free orbits of 4-cells and extend f over the new cells to realize geo- 
metrically a surjection (ZG)‘-+ H4(W)). In the cohomology spectral sequences we 
have: 
Hj(G, H4(W)) = Esj’” 
f,” 
* E’j’4 = Hj(G, H4(W’)) 5 
l f0 1 Hj+s(G) G Ei+590 A, E fj+5,0 
5 
E Hj+‘(G) 
in which f,” is an isomorphism, and for all j> 0, d5 and d; must be also isomor- 
phisms in order to achieve E,!& - E2j= 0 for all i +j 2 5. Therefore, f,” must be an 
isomorphism. 
In the long exact sequence of group cohomology associated to the exact sequence 
0 - H4(W) 
f* 
- H4(W’) - coker(f*) - 0, 
we have that f,“: Hj(G,H4(W))-+ Hj(G,H4(W’)) is an isomorphism for all but 
finitely many j. Hence, for all j$=O, Hj(G; coker f *) = 0, which implies that 
coker f * is cohomologically trivial. Since f * splits over Z, coker f * is also Z-torsion 
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free, therefore it is ZG-projective according to Rim’s theorem. Consequently, Kerf, 
is ZG-projective. Now we may add free G-cells of dimension 4 and 5 to kill Kerf, 
and extend f to a G-homotopy equivalence h : W” -+X. It is easily seen that W” is 
G-finitely dominated and dim W’S~, cf. [21]. Also, from the comparison of the 
spectral sequences of EG X,X+ BG and Ed xa W-t BG (or by other elementary 
arguments) we see that HA(W) = 0 for i2 5 if and only if HA(X) = 0 for i 2 5. 0 
To finish the proof of Theorem 6.1, we only need to show that HA(X) =0 for 
i 2 5, or equivalently, EL’ = 0 for i +j L 5 in the Serre spectral sequence mentioned 
above. This follows from the following lemmas: 
6.4. Lemma. In the spectral sequence of EG XG X-t BG assume that dt2 is not 
identically zero. Then 
(I) EL’=0 for all j23. 
(II) Zf TEE:~ is such that d3([)=0 in Ei+3,0, then [EIm(d3:El-394+Ei2). 
Consequently, E:’ = 0 for i L 2 and t-2 4. 
Proof. Using Z-coefficients, we note that E,2j+1,0zH2j+1(G) =0 for all j. There- 
fore, there exists v, E E:i+1,2 GH”+~(G, Zf2(X)) such that d,(p) EH~‘+~(G) = Z, 
does not vanish. Since H*(G) is periodic, it follows that d3 is onto Et”zzP for all 
j = 2iz4. In fact, letting teH2(G) be a generator, the equation d,(t’. p) = 
d3(t’).p+ t’d,(p)=t’d,(v) shows that d,(p)#O if and only if d3(t’.p)#0, so that 
we may assume p eH1(G,H2(X)) and let d3a) = t2 eH4(G) for an appropriate 
choice of t. 
(II) Suppose ~‘EH~(G,H~(X)) is such that d3([‘) = 0. First, notice that if j= 2i, 
then d,({‘) ~~~~~~ (G)=O. But d3(V).[‘)=(d3a)).[‘+(pd3[‘=t2.c’#Oif Y’#O. The 
following argument shows then that c’ also belongs to the image of d3. We note 
that multiplication by t’-’ : H’(G, H4(X)) + H2iP2(G, H4(X)) is surjective, be- 
cause it is the composition 
Ho(G) - PO(G) .“-I -, #-2(G)=:2i-2(G). 
Therefore, to find u E HZim2(G,H4(X)) such that d3(u) =[’ it suffices to let [‘= 
t’-’ * Co, and find ueH”(G,H4(X)) such that d3(u)=co. This is true, because 
d3(co)=0 if and only if d3([‘)=ti-1.d3([0)=0 and co=d3(u) if and only if 
d,(t’-’ * U) = tie1d3(u) = t’-‘. co= [’ (i.e. u = tip’. u). Thus, we are reduced to the 
following: given [E H’(G, H2(X)) such that dj(c) = 0, find u E H2(G, H4(X)) such 
that d,(u) = t2. 5: 
H2(G, H4(X)) - H5(G,H2(X)) 
/I Ii 
E2.4 
d3 
3 
, E5,2 
3 
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Let @, [: G + ZZ2(X) be twisted homomorphisms representing v, and [ respec- 
tively, a, as in (I) above. Then we have the pairing Et2@Ei2AEt4 via: 
N1(G,H2(X))@H’(G,H2(X)) - H2(G, ZZ2(X) @ZZ2(X)) 
iuo ZZ2(G, Ei4(X)) 
in which the first map is group cohomology cup product, and puo is induced by the 
cup product in X: ZZ2(X) @ZZ2(X) -+ ZZ4(X) which is a G-homomorphism when 
we give the diagonal action to ZZ2(X)@ZZ2(X) and the trivial action to ZZ4(X). 
(Recall that G preserves the orientation and acts by isometries on EZ2(X).) More- 
over, d3 and p satisfy 
d&&O@)) =~u,((d,~))0~)+(-l)d”giluo(eOd3~) 
on the level of cochains, which translates to d3([. cp) = (d3 c). a, f [. d, y, on the level 
of cohomology, by a slight abuse of notation. Since d3[= 0 and d3p = t2 #0, it fol- 
lows that d3([. cp) = t2. [ so that P,,([@ 6) represents the desired cohomology class 
u = [. P. By periodicity of cohomology of G, this finishes the proof of (II). 0 
6.5.Lemma. If d3 =O on Et2, then H2’(G,H2(X)) =0 for all i>O. 
Proof. Let <eH2(G,H2(X)). Then d3(<)EH5(G)=0. Hence d3(o,. c)=d,(~). [k 
pd3C= -t(d,p). <= ft2. c. Since v,. <EH~(G,H~(X))=O, it follows that t2. c=O 
from which c= 0. 0 
6.6. Lemma. In the above situation, E?= 0 when i+ j>4. 
Proof. It remains to show that E, A4 = 0 for j>O. By the hypotheses of the theo- 
rem, the differential diF2 : H’(G, ZZ2(X)) + ZZ4(G) = 7&, is surjective and has a non- 
zero kernel. Let 9’~ Ker di,2 be non-trivial. Then d3(p. cp’) = (d,p)@= t2. @#O and 
P. @EH~(G,N~(X)), where ~1. qf is the cohomology class represented by 
pO(@@ @‘) as in Lemma 6.4. Since ZZ2i(G,H4(X))z:Z, for all i, it follows that 
dfk4 # 0 for all i > 0 (in fact i I 0) from which we conclude EFL4 = 0 for r? 4. As we 
noticed before, E:k4 = 0 for r-22. Therefore the lemma is proved. q 
6.7. Corollary. In the situation of Theorem 6.1, if the necessary conditions are 
satisfied, then there exists a well-defined obstruction fl(X)~l?,@G) such that 
0(X) = 0 if and only if X is G-homotopy equivalent to a finite Poincare’ complex 
with a free G-action. 
Proof. This follows from the general theory of Wall [21], once one shows that X/G 
is finitely dominated, which was proved in Theorem 6.1. 0 
6.8. Remarks. (a) Once the necessary conditions of Theorem 6.1 are satisfied, 
the obstruction e(X) can be determined in terms of the G-module ZZ2(X), using 
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Proposition 4.4. Therefore, e(X) depends only on the G-module ZZ2(X). For 
example, when G =Z,, Theorem 6.1 and Proposition 4.3 together imply that 
ZZ2(X) =Z@Z@P where Z is the augmentation ideal and P is ZG-projective. Then 
0(X) = [P] E&(ZG). 
(b) If 0(X) = 0, then one may apply Freedman’s theory of topological surgery in 
dimension 4 to decide the remaining necessary conditions for X to be homotopy 
equivalent to a topological 4-manifold M4 with a free G-action. 
(c) Theorem 6.1 holds in higher dimensions as well, but the details are more 
involved. This matter will be taken up in a future paper. 
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